هذه المجموعة من الدروس من إعداد الأستاذة جوري المدير العام لمركز الرياضيات والفيزياء والكيمياء
http://www.syr-math.com
[image: image1.jpg]FERHN
Legendre Functions

1% e il pain Y Rae
(1-%*

en(n+l)y=0

[xi<l nefol2,

Adalilh jaia Rstead Ault Sl

Y(X)=CP, (x)+C,Q, (%)
U5 sl e e e s S P (x)
g Al e sty Qlx)

AR ] S el A Al e 3)le Q, (x) 5

i
PAx)(L
Y spim S Gy B

Rodrigues Formula

Q(x)=

D"(ix‘ -)wl2s

at n=0; Py(x

1
at nel B(x)= LD(x -1)= L ox)=x
< B(x)=3D(> HE




[image: image2.jpg]at n=2,

Jise
L i Gl B £(x) = D° (1)) 0l 22

TE(1)=2 1 s n AN e

A ALl i Wdee
Y +n(n+1)y =0

O ] st
264 n(n+1)f =0

(1=t
o pas
£(x)=g"(x)= Dg(x)

X -1

8(x)

g(x)=n(x*~1]"(2x)

- (x'=1)g(x)=mx g(x)

ol D iy




[image: image3.jpg]D (-1 (x)} = D" f2nx ()}
o= ol A Leibniz sl sl iy
iu g)=D'(f.g)
zg\‘ ‘D‘u‘m"'(g)

oo

N
4o ety ':"j/":l\gm:u\x]lf'“(g(xlb

) a

Tm‘m 21D (g(x)) =

1) D7 (g(x)) +(n+1)(2x) D (x)

.
" o)

EES

(n+1) _(n+n(a-1)_n(n+1)
An-1 2An-1) 2





[image: image4.jpg]ein+l)

I (20 )0 (g(x)) =

)

20X DM (g(x))+(n-+1)( 20) DF (g(x))
B My

(1D {g(x))+ 2+ D ()} +n(n ) ()} =
2nx D (g(x))+ n(n+1) I {g(x))

(1) D g(x) )+ 2x D™ (g () ) -n{n+1) D g (x)

S 1))+ 2X £ () -n(n+1E(x) =0

S{1=X) ()21 (%) +n(n+1)(x) =0

£(1)=2"n1 & 22 ()

f(xbsD"[{x’ 1]"} L0l

=D (-1 ()7

3 ':‘:\u[(xm"} o (x-]

el U[(V—l;“}i]:‘ o1 o1 ]

ey




[image: image5.jpg]£(1)=n12

, 0sms=n
(n-m)!
D(x")={ at n=m

Y 3yia 0T LI O Lapa

pnm,%ﬂ\w/lf\ cmw:| do

<1

dasd

<1 b
(.0) S =303 02 5 ke Cy

k r=l-x Lk,

_—)





[image: image6.jpg]wdo= ne’[""]mo

=ede
O sy
G
R(x)=5 =
E i(a 2

Ay
1= (o 1)(u+l)= |\ 1l 7)‘;

<142 x e -

=2 x e e

2""m e

i tH[-radixmet-re ]
e ||| de

[ afeondsse] ao

-1 {[(xﬁﬁ cosq)[[ ap





[image: image7.jpg]fatl

2 xe® 4:"}

e

()R, (1)=1
(2) B(-1
(3) [Pu(x)f =1 wxe[-L1]
b

% o
(1) P“(l)7;![1+n] do

L=t ant




[image: image8.jpg]2 =Ly
(2) R(-1) ﬂ!( 1) dp

T L
-2 J“"” =)
3) ‘Pﬂ{x)‘:%j’[xn«l»x’cosw:|ndw1

- Pnix)‘,%j:‘xuxl—x’ cwp]"d;p

iV cosgl= ¥ (1= JeosTp
= W1 1= =1

:.‘Pn(x]‘;%}'ld@:l

Sasd

Ol s i) b gl




[image: image9.jpg]) By (x) d

“‘ (2 -1) dx

Spen s adl K patids

) D (1) e

1
il

L
w‘

[fl\i[)"" } )‘n\mw f el

) D (xP-1) dx

A fFar ey §
m[uxl D2 (x2- 1) erj’l (%) D2 (1) }
3

— [P D (-1

1=t
»n,,\

J‘f (x) (x*-1)" dx




[image: image10.jpg]PERC IR IR RPN

L ‘0 Ln=m
[P0 Palx) = 2
B 2+l

L nem

s

[P(x) Ra(x) dx=0

2m ol Yy

0 m ol

[R(x) Pa(x) d

oot J:D"le(x)) (x-1)" ax

JR(x) Po(x) de= e ol i LS

2+l

nem O ossk

JR(x)R(x)ax

ﬂj D' (B, (x))(x* ~1) dx

Tl

D= (xt 1) (x2 1) dx





[image: image11.jpg]RRIRENE
25 (i) I. (e

(2n)! .“-
—
lq <) dx

Of i





[image: image12.jpg](it iy o) 5

A OIS A+

M fR(x) dx

1:;jvpn1x;m

(1P, (x)dx= [R (xR (x) dx

[0 . on=0
2 . n=0

(2)fx P (x) de= [R(x)R(x) dx
n=l

n=1





[image: image13.jpg]Y 5 i AL

! :%P.lvm
e =

=Py (%) + B (x)t+ Py (x)t7 +

s

(R (1)=1 . ¥neN,
(2R (-1)=(-1f" . ¥neN,=NU{0}

(3 )=-20rh

2

can(n+l)
2

(4 (-1)=(-1)

o (2

(5)P,, (0)=(-1Y

2*(nl)

Pua(0)=0

e

S )l L (5)5(3)5 (1) 500 s 8 )
(Jidsleda

(1R, ()=1 vneN,

Sk BT





[image: image14.jpg]Xl e

(21T =R e

S{-yf =SSR e

B

SYTE=YR 1
Slateth+ 0+ =R (LR ()t+P (1) +

LN SR R

R)=1

(R)=
LA Y Wk skl

(1=)R(x)

258, (x)+n(n+1)P,

<2B(1)+n(n+1)P,(1)=0

n(n+l)

SE()=




[image: image15.jpg](2n)!

=(-1)" it
(5)B(0)= (-1 e
P (0)=0
e
- X=0 gy
1.
(1) 7=Y"p (0)t o<t

o e s i Gl

(L+y)

ety





[image: image16.jpg]=B, (0)+ B, (0)t +P,(0)t +
o g 5 ey

P (0)=0

4 (-i-n+1)

—1-1)(-}

n

el i syd s

& e .
P.(0) T[—J;*lllf*!‘ (3+n-1)]
[ -2
o [+2)0+4)  (142m-2)]

L0 35 (7) ()

nt2’

U
n2*2* (123, n)
1) (2n)!

2l




[image: image17.jpg]a2 yia i ) A5 1 CASAa iany

n(xifﬁ[(||+1)P,,u(x)+nPn,,(x)] L

By (KB, (). By () 0 B35 G a3 5

e

atn=d - xPy(x)= 2 [4P(x)+ 3 (x) ]

5315 5 Bonmet
BB, (%) 4+ (4 )Py ()= (204 1)3R, () =0 . [s[=1

245,V Bonnet 33l iuas¥i

(1)t
PR P . Y 2y S s
BBl
Bi(x)=1
R(x)=x

Jbn=l & 0

B (x)+2P,(x)-3xB(x)=0

[3xB ()R (x)]

ey





[image: image18.jpg][RIE

IS s

Jie

 (%)R, ()

345,31 Bonnet

4P, (x)+3P,(x)]

ol G JaS ] 5, ()2 O3l o ms

Pl

XBy(x)By ()

[0 (2 [, (o, (g

o s e om0 et Rl gy

) (%)B, () =0





[image: image19.jpg]RS

O s e

Lol el plkils

B (x)Py (x)de =0

Al 2y

Ol s el Y1 Bonnet Alaaiuly

P, (x

[8R:(x)+ 7Ry(x)]

15!

8 Jak
fa (x)ae=2 | 7§
:(‘. > () :E:[‘P,(\V(b+ﬁipdlx|‘b:0

S

<P, (x)B, (x)dx sl

[P, 0B, () = [T )] [ 3




[image: image20.jpg]e Y1 Bonnet (slas

xrﬂxnz[imxuﬁqu

1

ot
() 3P lx

o5 26N
()2 (| 3 Jrmao)
- p—_—

tmxmzxw\l‘l\%\w,mvmm

O aa (aladll Apals (pa) JASTI el palsy

B, ()R, (x)ds =0




[image: image21.jpg]iaY 30n IS s Y1 DA yomg S

Al [Pru(x)=F(x)]

GRS

2+l

(2n+1)B, (%) =By (X)=Fy(x) =123,

ke sl

83mall COLISH iua psid

cfrisas ﬁj(?_‘,,u)—l’.,,nx)m\
.‘.!and\ _"H[Pmm P, ,(\)1
() de= [M(\»fp",.m];

m 1[”’, (1= (1)=(B,(0)-P (0))]

= [m..tm P (0))]
sl
[
B, (—x)=(-1)"P,(x)
i o (x)
sipaEn ol (x)




[image: image22.jpg]PN

£(x)=S B (x)

=CR(X)+CR(x)+

1 1= G Sl a8 P, () Al 0l s msy
o Jeani

J‘UVIP"H]ALV:i(‘mjl’n(ﬁ]l’niv)(ﬁ

< - 1) £ (x)dx

Jigm
Wil jaial Wddle syl





[image: image23.jpg]a3yt S0 sl A sl

L___Seige <

Joer =





[image: image24.jpg]Wl ainY Wluluiie Caeni 1
o e
L _&h(x)

Foax =27

X & xB (x)

o =





[image: image25.jpg]X ol n 1 n+l
B R S R )
27 &2 (m-1) A2 2An+l)+1
s = 1
#3381 px)eS—BH py
3 X nh) B, (x)+ 27 () 2 (x)

n+l
27 (m+3)

b (%)





[image: image26.jpg]55

i ans FES

See e

olxt <1

30 Al

a0

2 e
212y
e mls ah)

BT

(=254 ) = ol oy

(120 6) 2 (124
o
(204 8) SR e SR ()

S B e - S et TR (e = S e

S3 -T2

n,,mr“i%(w‘ o i“nmw





[image: image27.jpg]T
4l Bonnet. W (8

XP(x l1{1n+1]l7m,[x)+ul7,41x)}

ofxt)=(1-2xt+ 1)

1 gl o

a0

1-2xt+ 1) 7(2t-2x)
X3l )

=—(1-2xt+ )3 (1-x)

(1=2xt 417 2 Ol oy

(1-2st+ 0 )“’ (1= 2504 B 3 (=) =—w(t-x)

(-2t ) 2 baft-

S (1=2xt+ ) Tk, (x)t7 +(t-x) TR, (x) =0

o o




[image: image28.jpg]+2°P,

a0 a0

()t =S xB, (x)t =0

= (n+1)P, (x)=2nxP, (x)+(n - 1P, (x)

+P,,(x)-xP,(x)=0 5 RS2
—(n+1)P,,, (x)-xB,(x)(2n+1)+nP,_(x)=0

—(n+1)P,, (x)+nP, ,(x)=xP, (x)(2n+1)




[image: image29.jpg]Swdis
A P O ) e

Xyexy+(x-pt)y

o Cf (xP

- U
) Srn+r)t

A0 Sy (x





[image: image30.jpg]XA (x)
el o1, (x)=5-C0_(x]

=Rt
s 105 1 (x) S x 6

il G a5 Gl

mrT(-per+) L2

Y i e T, (%) 39, (x) oA L 3
o e S e i

e g e 0 0 S pre] S
e s p by Cus

prrel=0o1=p-1

Dom p=R\{0.-1

b it
(e ol 352) R sina S T p 1 +1)
s x il

<26 piar<o




[image: image31.jpg]B gl e
;

ssse 2 Sl ()

0l Al s Y () L
e 8 05y, (5)

1,3

sy ] (x)

(il s e 2 1

)l Wik 1 ()1, (x)
)5 sl

2 B o ) oy R 0 b

J(x)+ G, (x)
Tt i
Gl

Xy '+





[image: image32.jpg]&
&y

Ji\bf I )
For(rens

arfeeied

J’ -1 (<
v.u{lxﬂb’

e Jmi agle Lasdlly VR Jialy ool 30 sy

To (e
(el

L=y





[image: image33.jpg]Al i A

V= AL () 4B (x)

A Fan] o Ee]




[image: image34.jpg](s p Lae 1, (x).J, (x) O ABial) : 4p0kei

I(x

173, (x)

Lo L gl e I (x),0,(x) O D)

(pefod2. .}

LE=s_tU __
R TTVEPRTETIY

U s A S T r4 1) O 2y

Lo
T(-n+r+1)

g s e g ] L

S0 s

Lrefol..n-l

SLxes ) (x
ZiT(-neren)2)

rewn by




[image: image35.jpg]L= S
SimenEar e men]
L
S

e p—

=1 L (x)

ks
20 Eim p A G Rl Jug da

Xy ey +(x-py =0
PRTRERERC]

¥(x)=AT, () +BY, (x)

_eos (pm) ,(x)-
sinpr

,(x)

e

S s p e (1)
snprs 0 ol




[image: image36.jpg]1)~
sing

cos pr
snpr

it e s G ot S5 05 3 Y, ()
1,(x),
Lt i 1, (x), Y, () B

e e p L ()4

pnoasE

.+ cosmr=(-1)"
cos nn J, (x)

[eos )

¥, (x)=lim
i sinpn





[image: image37.jpg]. |:Jn;mpn!,(x}+wsm‘%!,1x%(%l (xl]
P i S A |
i oos pm

- m[% J,m} —[% J,_(x;L

h Toos pr

VL(X)=(1FV(x) . mefol )

T 80 e A g e s Y () S

1y 51,,m}





[image: image38.jpg]0 = n Jais

\inxb{igmvhu éux»}

lp--n

p =p Jiasds,

- dield]| 18 Tl !
Lm—ﬂ[—a(?mkym» (-1 e(—p)J"“\'L

A8 g
—;[ =1y (x) () C,plpm}

lo-n

] a &
= =I (x)-(-1)'=1_(x
By ’P'\’L

=(-1)"Y,(x)




[image: image39.jpg]( Sy e ) il yans

=50 fx)ﬂ'

(el 2.

a
il

_&d 2p )
X (el 27

e

ST(perel) 2770

(i Ny

e

Qe

=014 (%) =1 (5)=(1)3 (%)




[image: image40.jpg]Lx>0

a3t

SR+
x

%hmml X (x) 2
L e gl a8 02

X, (%) =T, (x)

ok

d
pat




[image: image41.jpg]1 (x)) =0, (x) 3

o aa L o]y

PH 2 o= S Jaidy

T, (x) de=x"0 (x)+C

atp=0- [xJ,(x)dx=x1,(x) 4C

atp=2 ¥ L{x)de=x I,(x) ¢

atp=1 o 51y ()= [, (v

=xb,(x) 4

RIRNER

s =x 1, (x) 4C




[image: image42.jpg]1 (x) e e

G ey

d ) (x)) =
)= ez

!
peg e

ey

@





[image: image43.jpg]U 58 0 ot s S s ¥
Yo A g sl





[image: image44.jpg]11 (x) £ X
£l e K i
()1 ()=, (x) w

O i of Gy

XV (X)=T, (%) @

o i (205 (1) e
20, (x)=0,.4(5) - x)

(1a(X)=T,(x)) TpeR

Bl oy (2)

i
Ly (x)-5(x)= 0,0 (x) m
X
J e,
2y, (x)+ 2, (x) =0, (%) @
X

e daad (25 (1) gt

4 (5)= T (x)+,.4(x)

A n o





97

