Millersville University Name Answer Key
Mathematics Department

MATH 211, Calculus II, Final Examination

May 4, 2011, 08:00AM-10:00AM

Please answer the following questions. Your answers will be evaluated on their correctness,
completeness, and use of mathematical concepts we have covered. Please show all work and
write out your work neatly. Answers without supporting work will receive no credit. The
point values of the problems are listed in parentheses.

1. (8 points) Find the area bounded between the curves.

y=212> and y=22"—z.

The curves intersect when

20— = a
=2+ = 0
r(z* —22+1) = 0
z(z—-1?2 = 0

r = 0 and z=1

with 22 > 222 —z for 0 < z < 1.
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2. (6 points each) Evaluate the following integrals.

a) /3:6 sin(2z) dx
Integrate by parts letting
u = 3z v —1 cos(2x)
du = 3dx dv = sin(2z)dx.

Applying the integration by parts formula we obtain
. 3 3
/3:6 sin(2z)dx = —5¢ cos(2x) + / 5 cos(2x) dx

3 3
= 3% cos(2x) + 2 sin(2z) + C

(b) /cos4 x sin® x dx
Using the trigonometric identity sin?xz = 1 — cos® x we can write
/cos x sin® x dx /cos x sin? x sin x dx
/cos x(1 — cos® ) sin x dx.
Integrate by substitution by letting

U = COsST

—du sin x dx

yields

2

/0084 rsin®rdr = [ cos*x(1 — cos®x)sinzdx

ut(1 —u?)(—1) du

(u® — u*) du

1
7 5
—-u’+C
u 5U

cos’ x — R cos®z + C.
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(c) /OO T
1

Note that using integration by parts with

u = x v o= —gze ¥
du = dx dv = e %dux,

we find the indefinite integral

1 1 1 1
/xe‘gw dx = —gxe_?’m + / ge_?“ dr = —gxe_?’”” — 56_?“ +C.

Now we may evaluate the improper integral.

[e%e) R
/ e 3 dr = lim xe 3 dx
1 R—o0 J1
: 1 —3z 1 —3z i
= jm (—gee -],
BT Lo ap 1 gp 1 5 1 4
= l%l_r)rgo(—gRe ~ 3¢ —|—§e +§e )

: R 1 4
= lim (— + )

R—oo \ 3e3f  9e3R Qg3

4
= — 2 0.022128
9¢e3

3. (6 points) Find the polar form of the equation in rectangular coordinates

:c2+y2::c+y.

(rcos®)® + (rsinf)®> = rcosf+rsind
r?(cos? @ +sin? ) = r(cos@ +sinh)
r? = r(cosf +sinf)

r = cosf+sinf



4. (8 points) A 550-1b force stretches a spring 3 inches beyond its natural length. How
much work is done stretching the spring 6 inches beyond its natural length?

If the spring obeys Hooke’s Law then F' = kx where x is the distance the spring is
deformed by a force F' and k is called the spring constant. In this case

50=3k = k= ?
Thus the work done is
6
W = 5—503: dz
o 3
275 ,|°
3 0

= 3300 inch-lbs.

5. (8 points) Find the radius and interval of convergence of the series

o0

Z;;(:cH)

Using the Ratio Test we see that

k—l—l (l’ + 2)k+1

‘k+1 35 (x+2)F!

k—o00 3k(:c+2) k—oo| k3L (x4 2)F
. |E+11
- b [ ge2)
1

Thus the power series converges absolutely when

1
§|x+2|<1 — |jr+2/<3 = -bh<zr<l.

The radius of convergence is r = 3. At x = —5 the series becomes
[ee] k [e.e] [e.e]
Z (=5 +2)F Z = > (-1)%k
03 k=0 k=0

which diverges by the kth term test. At x = 1 the series becomes
=k =k

> 12 = S =3k

which diverges by the kth term test. Thus the interval of convergence is —5 < x < 1.



6. (4 points) Set up a definite integral which gives the volume of the solid of revolution
generated when the region bounded between the curves y = 22, y = 0, and z = 1 is
revolved around the y-axis. You do not need to evaluate the definite integral.

W —— —— —— —— .
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Using the Method of Shells we may set up the integral

1 1 -
V:27r/ :E([L’2)dl’:2ﬂ'/ wdr = <.
0 0 2

7. (6 points each) Determine whether the following series converge absolutely, converge
conditionally, or diverge. State the names of all convergence or divergence tests you
use.

S
(a) ,;1 R+ 3k + 2
This is a positive ¢ fes. S Fd nd b= L Applyi
a positive term series. Suppose ap = ————— an = <. in
s ap ' PPOSe ak = 15— r = 3- Applying
the Limit Comparison Test we see that
k244 3
Ok g BPEskt2 k> + 4k
T T

o
Since Z by diverges (Harmonic Series) then the original series also diverges.
k=1



00 3k
b) (-1

k=1
Applying the Ratio Test we see that

(~D" G gt g2 2
lim |— D o (2 ) 3 _ 1
P (_1)k2_’; koo \ 3F (k+1)2 3 (k+1)2 5>

so the series diverges.

> 1
P TY SV

This is a positive term series. If we apply the Integral Test we see that

0 ]_ B [e’s) _3/2
/1 x(lnx—l—l)?’/?dx B /1 w T du

R
= lim w32 du
R—o0 J1

Since the improper integral converges the infinite series converges absolutely as
well.



8. (10 points) Find the area of the region that is inside the circle r = 3 and outside the
cardioid r = 3 — 3 cosf. Please include a plot of both curves on the same set of axes.
Label the points of intersection of the two curves.

The curves intersect at § = +7/2. The area between the curves is
Lom/2 oo 2
A = —/ (3)° — (3~ 3cos0)?] df
2 —m/2 -
1 r7/2 ¢ 9
= —/ 9—9+ 18cost — 9cos 9} do
2 —m/2 -
—7/2

w/2
= 9/ 200s9—cos29} do
2 ]
9

w/2 T
= 2cosl — %(1 + cos(?@))] de

2 —7/2
w/2
9 . 0 1.
= 3 <2 sinf — 51 sm(29)> o
)

2 1 9 2 1
= 3 <2 sin—~ — % ~ 1 sin(w)) —5 (—2 sing + % + 1 sin(w))

= 18— %T ~ 10.9314



9. (10 points) Find the first four terms of the Taylor series for f(x) = sinx about ¢ = 7 /4.

(k)
k| 19 | 1) | L0
) 1 T
0| sinx E E
1| cosx \/i? \/i?
2| —sinz —zi —@
3| —cosx —7§ _6—\/5

Thus



10. (6 points) Find the partial fraction decomposition of
2?2 —3r+4
»+r
©*=3r+4 2*—3z+4 A Br+C A@@®+1)+(Bx+0O)x
3+ z(z? +1) x 2?2 +1 z(z? +1)

Equating numerators we have the equation:

2> —3r+4=A(*+1)+ (Br+O)x
If we let = 0 then we see that A = 4. Substituting this in the equation we have

2 —32x4+4 = 4(2*+1)+ (Bx+O)x
—32*-3r = (Bx+O)x
—3r—3 = Brx+C

and we see that B = —3 and C' = —3. Thus the partial fraction decomposition is
©*—3r+4 4 3z+3
B+ o 22+l

11. (4 points) Set up a definite integral for the arc length of the curve generated by the
parametric equations below with —1 < ¢ < 1.

x = t’cost
y = tsint

You do not need to evaluate the definite integral.

@)

1
= / \/(215 cost — t2sint)? + (2t sint + t2 cost)” dt
-1

1
= / \/4152 cos2t — A3 costsint + tdsin®t + 4t2sin’ t + 443 costsint + t4 cos? t dt
—1

1
— / \/4t2(C082 t+sin?t) + t4(cos?t + sin t) dt
—1
1
- [ vaesia
—1
1
— / VA T £ dt
-1



