EXAM 1 MAT 167 Calculus I Spring 2011

Name: Section:

IMPORTANT: Each answer must include either supporting work or an explanation of your reason-
ing. These elements are considered to be the main part of each answer and will be graded.

(40 pts) Evaluate each of the following limits.

(a) lim(5z* — 2z + 3)

z—4

Solution: 11%(5x2 —2r+3)=5(4)>—2-4+3 =75
T—

oot 4 -2
(b) lim 2
Solution:
lim P +r—2 . (x+2)(x—1)
5132 — 3 +2 2ol (v —1)(x —2)
T+ 2
= lim
x—)l:L‘—Z
= 3.
Y 3 —1
¢ xlﬁn%w?—l
Solution:
lim —Is —1 lim (z- D@ +o+1)
122 —1 221 (x4 1)(z—1)
o2+ x+1
=lim ———
z—1 x—}—]_
3
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-1
(d) lim ——————
el \/22 +3 -2

Solution:

r—1 , r—1 Vi +3+2

PP 132 e 43-2 V2342
. (x — 1)Va2+3+2
el (2243)—4
(x— 1)Va2+3+2
z—1 x2 -1
B (x—1)Va2+3+2
T (z+ D)z —1)

V22342
=lim ——M—

z—1 r+1
— 9.

2. (10 pts) For what value of ¢ is the function

f(a:):{xz_l if © <3,

20 if >3

continuous on (—o0o, 00)?

Solution: For all z < 3, f(z) = 2* — 1 is continuous since it is a polynomial. Similarly, for all
x >3 f(x) = 2cz is continuous no matter what the value of ¢ is. Thus to answer the question we
need to determine the value of ¢ that makes f(z) continuous at z = 3. Now

lim f(r) = lim (z* — 1) =8,
T—3— T—3—

lim f(x)= lim 2cx = 6¢c = f(3).

T—3+ T—3+

4

In order for f(x) to be continuous at x = 3, 8 = 6¢, that is ¢ = 3.
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3. (10 pts) Use the Intermediate Value Theorem to show that there is a root of

in the interval (0, 1).

22 —3xr+1=0

Solution: f(r) = x® — 3z + 1 is continuous on the closed interval [0,1]. Since f(0) =1 > 0 and

f(1) =

—1 < 0, by the Intermediate Value Theorem, x3 — 3z + 1 = 0 has at least one root in (0, 1).

4. (20 pts) Evaluate each of the following limits.

(a) lim 32> + bx
200 203 — 12 + 4

Solution: The limit is 2> type indeterminate form. Since the highest power of x appeared in the

denomenator is 23,

T+ 2

b) lim ——.
( )ﬂHOO Vor2 +1

3
N AT -
m ———k——— = 11 —
z—00 23 — 12 +14 T—00 —2x3—§2+4
T
, 3+ 5
= lim il 1
3
2

Solution: The limit is 2 type indeterminate form. Since the highest power of z appeared in the

denomenator is x,

T+ 2 . =
= lim —%—

xT
142
= lim
Tr—r00 9x2+1
x2
142
= lim
T—00 1
9+ =
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5. (20 pts) Let f(z) = 2*+ 3z + 5.
(a) Find the derivative f’(z) using the definition.

Solution 1:

: . flet+h) - f(z)
Fo=im=
T (x+h)?+3(x+h)+5— (22 + 32 +5)
h—0 h
:hmx2+2xh+h2+3x+3h—x2—3x—5
h—0 h
= lim(2z + h + 3)
h—0

=2z + 3.

Solution 2:

e) = iy 7=
T -
:hmz%ﬁh+5—cﬁ+3x+®
Z—x zZ—x
:hmz2—m2—|—32—3x
Z2—x zZ— X
_ lim (z4+2)(z —x)+3(2 —x)
Z2—x zZ—x

= lim(z + z + 3)

Z—T

=2z + 3.

(b) Find the equation of tangent line to y = f(z) at z = 1.
Solution: a =1, f(1) =1>+3-1+5=9and f'(1) =2 -1+ 3 =5, so from the slope-point form

y— fla) = f(a)(z —a),

we obtain
y—9=>5x—1)

or
y =bxr+4.
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6. (10 pts) [Optional Bonus Question| Prove that

lim 2% cos = = 0.
x—0 €x

Solution: Since —1 < cos% <1,
2
—xt < 2t cos = < xt

Xz

lim(—2*) = lim 2* = 0, so by Squeeze Theorem,
z—0 z—0

lim 2% cos = = 0.
x—0 €x

7. (10 pts) [Optional Bonus Question| Find the limit if it exists. If not, explain why.

.|z —=2]
lim
z—=2 1 — 2
Solution:
-2 -2
lim |2 | = lim x

—(z-2)

z—2— 1 — 2 z—=2— 1 — 2

Since the left-hand limit and the right-hand limit do not coincide, the limit does not exist.



