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Exam 2, In-Class, Thursday, April 12, 2007

Instructions: Do all the problems. Write all solutions and scratch work in your blue
book(s). You do not need to solve the problems in order, but please number the problems clearly
in your blue book(s). Please try to write legibly.

You must fully justify your answers. Unless otherwise indicated, you may use theorems
from class or the book to do so, but if you don’t name (or briefly describe or even state) a given
theorem, make sure it’s utterly clear from context what theorem you’re using. If you are not sure
whether or not some argument or statement requires further justification, please ask me about it.

There are 5 problems totalling 100 points, plus an optional bonus problem worth 2 points.

1. (30 points.) Let G be a group, and let H, K <1 G be normal subgroups of G. Define
HK ={hk:he€ Hand k € K}.
Prove that HK is a normal subgroup of G. (I.e. prove both subgroup and normal.)

(I said in class that this was true, but obviously, you may not quote me on that here.)

2. (20 points.) Let G be a group, and let H, K C G be subgroups; as you know (and may
assume without proof), H N K is therefore also a subgroup.

Suppose that |[H| = 20 and |K| = 55. Prove that H N K is cyclic.

3. (25 points.) Let Gy and G2 be groups, let H; < Gy and Hy < G4 be normal subgroups,
and let ¢: G} — G2 be a homomorphism such that ¢(H,) C H;. Prove that the map

F:Gi/Hy > Go/Hy, by F(Hiz)= Hyp(x)
is a (well-defined) homomorphism.
4. (15 points.)

(a) (7 points.) Let o = (1 4 3)(2 6)(3 5 4)(1 7 6 2) € S;. Express o as a
product. of disjoint cycles, and use your answer to find the order of o.

(b) (8 points.) For each n = 1,2,3,4,5, let
Tm=(1 3 42 4 5 3)6 n)I 5 6)(2 5)€ Ss.

For which of the five values of n is 7, an even permutation? An odd permutation?
Justify your answer.

5. (10 points.) Let G = (1) ‘11] ta € ]R} C GL(2,R). You may assume that G is a subgroup

of GL(2,R). Define ¢ : R — G by
1 z
w2 =5 3]
Prove that ¢ is an isomorphism.

BONUS. (2 points.) Let p > 3 be an odd prime number. Recall that D, denotes the dihedral
group of order 2p and that Cp denotes the cyclic group of order p.
Let ¢ : D, — C, be a homomorphism. Prove that ¢ is trivial.
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