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1. Below are four relations on the set {1,2, 3}. Determine whether each
relation is a function, an equivalence relation, both, or neither. If it is a
function, determine whether it is one-to-one, onto, both, or neither. If it is
an equivalence relation, list the cells of the corresponding partition.
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2. Define an operation * on R by the formula \.,AS X c\':l\"")\ = \;J V/L
y YR

axb=ab+a+b.

a) (5 points) Is * an associative operation? (If it is, then prove this; if
it is not, then give a specific example to show that it is not.)
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b) (5 points) Is x a commutative operation? (Prove your answer as

above. -
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¢) (5 points) Does the binary structure (R, *) have an identity element?
If so, then find it. (Prove your answer. -
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d) (5 points) Is (R, *) a group? If so, is it abelian? (I;rove your answer.)
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e) (5 points) Are (R, -) and (R, ) isomorphic binary structures? (Here
“” means ordinary real number multiplication.) If so, then construct an
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3. 2) (5 points) Draw the subgroup disgzam or 2.
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4. (10 points) Let G be a group, let H be a subgroup of G, and let a be an
element of G. Define

aHa'={zreGlz= aha™! for some h € H}.

Prove that aHa ! is a subgroup of G. (It is sometimes called the conjugate
of H by a.)
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Bonus question: (10 bonus points) Let G be a finite group of even order.
Prove that there must be some element a # e such that a = o™,
(Hint: Define a relation ~ on G by
a~bifa=bora=>5b71.

Prove that ~ is an equivalence relation, then consider the cells of the partition
corresponding to ~.)
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1. Let o and 7 be the elements of Sy given by
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d) (5 points) Is o an even permutation or an odd permutation? J ustify
your answer. (Hint: first urite o as a product of transpositions. )
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2. (5 points) Classify the abelian groups of order 48 (that is, give a list of
such groups such that every abelian group of order 48 is isomorphic to one
on your list, and no two on your list are isomorphic to each other).
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3. Let G be the group Z3 x Zg, and let H be the cyclic subgroup ((1,5))

a) (5 points) Find the order of the element (1,5) in G
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c) (5 points) Compute the left cosets of H in G (i.e., list the cosets and
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4. Consider the function ¢ : R — C* defined by ;J/zf[ g R — C"f\}ul/»f—“ (,4

—_————

, I 3 ¢(z) = 2™ = cos(2mz) + isin(2rz).
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a) (5 points) Show that ¢ is a group homomorphism (where the operation
on R is addition and that on C* is multiplication).
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b) (5 points) Find the kernel of ¢ (justify your answer).
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c) (5 points) Find the image of ¢ (justify your answer).

«lmg @ > D S RS

"

| ¢os(am) + CSuir ) |
S Cosarf+ (shamy® = JT =1
BCRUND AL TR IC IR
PN aLN D) Oy i)l ol 2 6Bby y1sT
~ 2. @(8/ry) Lo CS@TCUad
T 2ptise) o8 P oosf N5

Ve, }CPOQ]

1

et Ll s 3 gl Jad oy ol (33 bl ol aa3 Y (85 3 pesa Bl ) g Sl 5 LYY i
O Jsla alepdle 5 a5 Al o pe ol Bac 2y 3ay ol g G pndl a0 d Ul s Jad (6 315 50 il (33 gany ¥
) cilia JB L 3l IS O pled 5 (b W 5 a5 ity o Y Blie iy JS O By dule (o jual o5 (3853 4ndS
g Sl o Singl g laall o S8 A et Laxie g V1 bl oyl WY anily US gl g ol 5 Al
Crag Lalas Qi e Jay O Qla e Sl 5 35 & (e bl 8wt o Castsall (o 4 5 3 g go Sl oSS
ol i o O Y g et el (530 cifs AlgaV) 1agy Lol all il b ohialls (gl Liall ag Y 5 T i Ay g
m@ﬁwnuhjdu\wi 0555 Lay 5 9 lalgd (e ;ufiuy)su}sdﬁ@ﬁmw)mwm»
FENGRE I PRSPUOS D PYCL DA PRVPIC I CEL TR JEL PRSP g JER T I DR LR JE LA RN JEI DA
etiall y Clygraall e dligly 5 sl e Gl il 3 JaY OY da¥l a5 S (81 Al 6 S tila
@MM\M&LM&QU\QYJDA‘M}A@M\)La‘f}d.wd‘_,bumu\)L.\&A;\}\M\Adﬂ\)ﬂ\}
U_!\?G_m}}_)‘,uwwﬂu.\dl‘:“)la.utm(Mw;@uu\a.\mc_kn&u;.d!}uu\u_\l).L.‘.\.»A.'\JJ.U.L._E,

i e g L 350 DU Ll ol < 3K Al g o sheay Y ala)

@



[image: image11.png](1 2 ez /2 aad) 3 ST iey @

,
U sy g ) ) g g
« bﬁ/ L2 C\:«WL”)A/) D\}JD/I/N S“WI v AL-//\))

d) (5 points) Prove that the factor group R/Z is isomorphic to the circle
group U. (Hint: use the Fundamental Theorem on Homomorphisms.)
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5. (5 points) Suppose that ¢ : G — G’ is an epimorphism (i.e., a ho- h
momorphism of G onte G'), and that G is abelian. Prove that G’ is also
abelian.
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Bonus question: (10 bonus points). Let G be a group with at least two
elements, but no proper non-trivial subgroups. Prove that G is isomorphic
to Z, for some prime number p. (Hint: consider the cyclic subgroups of G.)
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