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Mathematics Department o
Midterm Exam #1  Tuesday, 11/7/2006 - 12:10-1:30 (80 Minutes)

Directions:

+» Do not open your exam until your are instructed to do so.

« No notes, texts or calculating devices of any kind may be used during this exam.

* Unless you are specifically instructed otherwise, you must show all your work, and justify
all claims. Answers without explanation will not receive credit.

« Write your solutions in the space provided. If necessary, use the backs of the pages or the
extra pages attached to your exam, and write a clear note on the question page indicating that
you have done so.

* When time is called, you must stop working and close your exam.

This exam has 4 pages including this one, the formulas, and one (almost) blank page.

Good Luck!

Question #1 has 7 parts. Each part requires only a line or two

of justification, or a short calculation. For True or False questions,
be sure to indicate either TRUE or FALSE, and give a very brief
explanation.

You should aim to spend no more than 30 minutes on question #1.

L. (a) (5 points) Find (50, 63), and find integers, m and n such that (50, 63) =m - 50 + n - 63

€3=1Go+ 13 L = -5i2

50z 7,13 + Ul =11-9(3-1)

\3= [ ) +7 o= €l-513

=52 +1 = 4(50-313) =913
'z 450 -23413

= (50,63)= 1 U D giso-23(63- 59
{
{

=29:50+(-23)-63

(b) (5 points) Let c=(13 728 73)(24 1 6)eS,. Write ¢ ,and o' in disjoint cycle notation.
~=(1 Uz 8% 6) 5 = (2 6 7 g)
(c) (5 points) True or False? For any group, G, with |G| = 17, the group G must be abelian.
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[image: image2.png](d) (5 points) True or False? The function ,F: Z/1Z — Z/4Z given by ;([k]7 ) =[k], is weil-

etned. f(L) = 0T, # 33, = (1) o0 [o] = [7) 0 200>

(e) (5 points) True or False? In a group G, for any a,be G, there is a unique xe G satisfying the

equation ax = b. A = ab R Pes /\,\4“5}// e UG P

(f) (5 points) True or False? In an abelian group G, for any a,be G, O(ab) = O(a)O(b). P

oY a=zba2 LTSS (2)4) 8n) 15 ks e RN e
Olahy= o(2+(0)=0@)=1 ,

LR I TP

(g) (5 points) True of False? For a finite group G and a non-trivial normal subgroup N, let
G/N be the quotient group. Then | G/N| =|G|. (5.9 L= A3/ S AL oM Y-
ST E S Vs D N () g Koty o e s

DI s O 10 Susl =d o M Sites O(G/A/):S—((%
0 (Ew)#o0E)

Questions #2 — #4 will be graded for correctness and for the clarity of your explanations.
Justify all your work. _
2. (a) (5 points) Define “group homomorphism”. CS? 16— G ?\)l))*@ g/‘") ' y\:':”
aheG X g @)= 9(a)g(h LisEs € M@ e o
(b) (5 points) Define “kernel of a group homomorphism”‘ CP [ G’* [y /, J/w /, 3 |},
- /2( 1B ST o VW e
rG={negr YW =€ EcE
(c) (10 points) Let ¢:G — G’ be a homomorphism. Show that ker(¢ ) is a subgroup of G.
krg £¢ st e nd eIl o b ger-é ol
ot Wy € er @ > Yo=¢€,9Y=¢ A = ey
2z -l e (e) = ¢ Ky €
Flug) = POz OISz B =S 2T ¥
- G o AL T s e §
(d) (5 points) Show that ker(¢)<G. )y M _04)6 ol «l,
Lt xeler § ) 9EG = F(InG) = FG) 900 F(D)=FG)e70)=¢
> 9xFekey > bro4C
(\;1\”),5/_;;))[? Forg g G O Vey Of o l oy




[image: image3.png]3.Let (G, -) be a group. Let G be the same set as G, and define an operation * on G by -
a*b=b-aforallabeG
(a) (10 points) Show that (G,*) is a group. _
b Abe & thy arb=b aeic = asbee
b b g € thn arhbag) =an(cl) = (Ch).a=C(b@)=C@H) =
. - ) - axh) % C
B .’u;? a6 Y @y_w'»’@ I\l e g u S pE
*€ F€azazaezexa [Ecé .
a4 Y shs AEG o s 50 AEC 10 Y
Axd A .azez¢ =a.d=Aad»Q .
€ Aa=a¥? o e (6%
(b) (5 points) Show that ¢:G — G defined by ¢(g)= g”' is an isomorphism.
it vyee
79 S I (WSS
§x9)= (Ay) =9k = AF*Y = ‘GWX) “Ply) = Y 2
Ay - 2ol
%%/Dé@! cy(%):Q(v) W . :9 ‘-ﬁ?(;-—‘? = ~ Cv D f,\))g)
85520 @ ol Lo N} € e I el @=¢ Llles
L hw Y e
4. Let G and G’ be finite groups, and let ¢: G — G’ be a group homomorphism. Let ¢(G) be
the image of the homomorphism.
(a) (5 points) Show that | ¢ (G)| divides |G'|. o= s )
WY BV Lo O & T TG (6D St
. . e = el
(b) (5 points) ?rgve tl;at!(p (G)|’d1v1des |’(i|,‘.'- ) J{(dx/ yw N ‘”)’/?y/b‘)) o
@(@)q«/ N 5 &/p’f’@ . ,;/,/'U a,,w,fl‘;\;)‘\}/»ruo
T g
5. (a) (5 points) Let H and K be normal subgroups of a group G. Suppose HNK= {e}.
Show that for any he H and ke K,' we' have hk = kh. [Hint: consider hkh™'k™"]
HepiNar Lo kiK€ H OY € - bl al o s H Ui
4 . . . , X PO
hkhé}( Jbe pElal oo KTl s hih e H —o vfe~=
£ . - A R , .. - -
o\ ppeie @l e (D— hiH ek o5us s o X wrfab o
roo. . -~ * . -~
hiesih Ui w00 kW @ LY sHk=fe§ of ks hkh'ke HNK




[image: image4.png](b) (5 points) Let H and K be subgroups of G with [H| =3 and [K| = 5. Show that
HNK={e}. [Hint: What can you say about the orders of the elements of H? And what about the
elements of K?] =_, $ @/))f/ﬁ)H L t_.l"“" H "\,‘,’/j';/"/’ &y S
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(c) (5 points) Let H and K be normal subgroups of G with |H| = 3 and |K| = 5 and
|G| = 15. Show that G=Z/15Z.

Ka/ﬂ))'k(Han/,}n;,i),h ‘f{"ﬁ‘“
) ;/ij)\.'{wlw\#m/j'ui(}/(/h)i:lﬁh SV 05 nez ¥ (hls)_—'% k,, 69 klp_u
NE (B) oo, WY e W=e X obln (pp'se i

, (el Wee &> W'=(K)eHNk
G o cbolbeese WY 5 08y ool 20 2075

\5 Sl W LSk R o
s8> in) & Ol‘q\zd i

G = Z/152 =

Uqu')) 3
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